In this paper, we show that the Garnier system in n-variables has affine Weyl group symmetry of type B
Introduction
For the sixth Painlevé equation P V I , the symmetry structure is well-known [1, 5] . Furthermore, the τ -functions for P V I satisfy various bilinear relations [4, 5, 6] . But such properties are not clarified completely for the Garnier system which is an extension of P V I to several variables. In this paper, we show that the Garnier system in n-variables (n ≥ 2) has affine Weyl group symmetry of type B (1) n+3 . We also formulate the τ -functions for the Garnier system (or the Schlesinger system of rank 2) on the root lattice Q(C n+3 ) and show that they satisfy Toda equations, Hirota-Miwa equations and bilinear differential equations.
Consider a Fuchsian differential equation on P 1 (C)
with regular singularities z = t 1 , . . . , t n , t n+1 = 0, t n+2 = 1, ∞, apparent singularities z = λ 1 , . . . , λ n and the Riemann scheme   z = t 1 . . . z = t n+2 z = ∞ z = λ 1 . . . z = λ n 0 . . . 0 ρ 0 . . . 0 θ 1 . . . θ n+2 ρ + θ n+3 + 1 2 . . . is satisfied. The monodromy preserving deformations of the equation (1.1) with the scheme (1.2) is described as the following completely integrable Hamiltonian system [1] :
where µ j = Res z=λ j P 2 (z) dz (j = 1, . . . , n) (1.5) and K i (i = 1, . . . , n) are rational functions in λ j , µ j (j = 1, . . . , n) given by
By the canonical transformation
j=1,j =i (t i − t j ) (i = 1, . . . , n), (1.7)
the system (1.4) is transformed into the Hamiltonian system ∂q j ∂x i = ∂K i ∂p j , ∂p j ∂x i = − ∂K i ∂q j (i, j = 1, . . . , n) (1.8)
with polynomial Hamiltonians K i (i = 1, . . . , n). These K i are given explicitly by
where
We call the Hamiltonian system (1.8) with the Hamiltonians (1.9) the Garnier system. As is known in [1] , the Garnier system is derived from the Schlesinger system (of rank 2). Then the independent and dependent variables of the Garnier system are expressed as certain rational functions in the variables of the Schlesinger system. Furthermore, the τ -functions for the Garnier system can be identified with those for the Schlesinger system. Hence we first investigate symmetries and properties of the τ -functions for the Schlesinger system. After that, we apply the obtained results to the Garnier system.
In Section 2, we give the transformations of three types, permutation of the points, sign change of the exponents and Schlesinger transformation, which act on the Schlesinger system. In Section 3, we formulate the τ -functions for the Schlesinger system on the root lattice Q(C n+3 ). We also present bilinear relations which are satisfied by the τ -functions. In Section 4, we show that the Garnier system has affine Weyl group symmetry of type B 
Schlesinger system
Let A j and G j (j = 1, . . . , n + 2) be matrices of dependent variables defined as
Consider a system of total differential equations
where t n+1 = 0, t n+2 = 1 and d is an exterior differentiation with respect to t 1 , . . . , t n . Here we assume
We call the system (2.2) the Schlesinger system. Recall that the Schlesinger system is obtained as the compatibility condition for a system of linear differential equations on P 1 (C)
where y = t (y 1 , y 2 ) is a vector of unknown functions. The matrices G j (j = 1, . . . , n+2) are obtained as follows. The system (2.3) has a local fundamental solution Y = Y (z) of the form
Here Y j (z) is a 2 × 2 matrix which is holomorphic at z = t j , such that
Note that the Schlesinger system has an ambiguity for the following transformation:
The Schlesinger system is invariant under the action of the following transformations of three types. They are associated with (1) permutation of the points t 1 , . . . , t n+2 , t n+3 = ∞, (2) sign change of the exponents θ 1 , . . . , θ n+3 , and (3) shifting of the exponents by integers (Schlesinger transformation). In this section, we describe these transformations.
Permutation of the points
In the following, we use the matrix notations
for a transformation w of the dependent variables. The action of the symmetric group S n+3 on the set of the points t 1 , . . . , t n , t n+1 = 0, t n+2 = 1, t n+3 = ∞ can be lifted to transformations of the independent and dependent variables. Denoting the adjacent transpositions by σ 1 = (12), . . . , σ n+2 = (n + 2, n + 3), we describe the action of these σ k on the variables t i (i = 1, . . . , n) and a j , b j , c j , d j , g j , h j (j = 1, . . . , n + 2).
for k = 1, . . . , n − 1. We remark that σ n , σ n+1 and σ n+2 are derived from Mëbius transformations on P 1 (C). The transformation σ n is derived from
(2.12)
Similarly, the transformation σ n+1 is derived from z → 1 − z:
and the transformation σ n+2 is derived from z → 1/z:
14)
The action of each σ k on the parameters θ j is given by
Sign change of the exponents
Let Y be a fundamental solution of system (2.3). Consider the gauge transformations
Each r k acts on the parameters as follows:
18) where δ jk stands for the Kronecker delta, and can be lifted to a transformation of the dependent variables. We describe the action of these r k .
for k = n + 3. Note that the independent variables t i (i = 1, . . . , n) are invariant under the action of each r k .
Schlesinger transformations
In this section, we construct the Schlesinger transformations by following [3] . Let L be a subset of Z n+3 defined as
Consider the gauge transformations
where R µ are 2 × 2 matrices of rational functions in z and
Then each R µ is determined up to multiplication by a scalar matrix and the gauge transformation T µ can be lifted to a birational transformation (called the Schlesinger transformation) of the dependent variables. The group of the Schlesinger transformations is generated by the transformations T k (k = 1, . . . , n + 2), such that
and T n+3 , such that
We describe the action of these T k on the variables
and c ∞ = n+2 j=1 t j c j , for k = n + 2.
Note that the independent variables t i (i = 1, . . . , n) are invariant under the action of each T k .
Remark 2.1. The group of the Schlesinger transformations generated by T k (k = 1, . . . , n + 3) is isomorphic to the root lattice Q(C n+3 ). The commutativity between two arbitrary Schlesinger transformations is obtained from the uniqueness of the Schlesinger transformations [3] .
τ -Functions on the root lattice
In this Section, we formulate the τ -functions for the Schlesinger system on the root lattice Q(C n+3 ). We also present the bilinear relations of three types, Toda equations, Hirota-Miwa equations and bilinear differential equations, which are satisfied by the τ -functions.
Proposition 3.1 ([3]).
For each solution of the Schlesinger system, the 1-forms
are closed. Here we let
Proposition 3.1 allows us to define a family of τ -functions by 4) up to multiplicative constants. We also define the action of the transformations σ k , r l and T µ on the τ -functions, so that it is consistent with the action of them on H i which we call Hamiltonians. For each µ, ν ∈ L, the action of T µ on τ ν is defined by
and the action of σ k , r l on τ ν is defined by
In Section 3.1, we describe the action of the transformations σ k , r l and T µ on the Hamiltonians, which is obtained from the action of them on the independent and dependent variables.
Symmetries for Hamiltonians
We first describe the action of the Schlesinger transformation T µ on the Hamiltonians for each µ ∈ L with We remark
and that they act on θ j (j = 1, . . . , n + 3) as follows:
Then the action of them on the Hamiltonians H i (i = 1, . . . , n) is described as follows.
for k, l = 1, . . . , n + 2 with k = l.
for k = 1, . . . , n + 2.
for k = 1, . . . , n + 2. For the other µ ∈ L, the action of T µ on the Hamiltonians, which is not described in this paper, is similarly obtained from its action on the dependent variables.
Next we describe the action of the transformations σ k (k = 1, . . . , n + 2) and r l (l = 1, . . . , n + 3) on the Hamiltonians. Since H i (i = 1, . . . , n) are invariant under the action of each σ k and r l , we obtain
Toda equations
In this section, we present the Toda equations for the Schlesinger transformations T k (k = 1, . . . , n + 3). Set
Then we have
Theorem 3.2 ([3]).
The Hamiltonians H i (i = 1, . . . , n) satisfy the following equations:
where (G j ) kl stands for the (k, l)-component of the 2 × 2 matrix G j .
We also obtain the following lemma. Lemma 3.3. The Hamiltonians H i (i = 1, . . . , n) satisfy the following equations:
27)
where ∂ i = ∂/∂t i and
Proof The first equation of (3.27) is obtained by a direct computation. The second equation of (3.27) is obtained by using
The third equation of (3.27) is obtained by using (3.30),
The fourth equation of (3.27) is obtained by using (3.30), (3.31) and 
we obtain
(3.36)
Here we introduce the Hirota derivatives
n).
By the definition, we obtain
and we have the following Toda and Toda-like equations:
(k = 1, . . . , n + 1),
We note that the Toda equation for T n+1 is equivalent to the equation given in [8] .
Hirota-Miwa equations
In the following, we set
We first present the Hirota-Miwa equation for the following six τ -functions:
τ n+2,n+3 , τ n+1,n+2 , τ n+2,−(n+1) , τ n+1,n+3 , τ n+3,−(n+1) , τ 0 .
The action of transformations T n+1,n+2 , T n+3,−(n+1) and T n+2,n+3 on the Hamiltonians H i (i = 1, . . . , n) is described as follows:
From (3.43) and
Hence the Hirota-Miwa-equation
is obtained by the action of the transformation r n+1 on the both sides of (3.45). For the other indexies i, j, k = 1, . . . , n + 3 with i, j, k mutually distinct, the Hirota-Miwa equations are obtained in a similar way.
Theorem 3.5. For any distinct i, j, k = 1, . . . , n + 3, we have the following Hirota-Miwa equations:
(3.48)
Bilinear differential equations
In this section, we present the bilinear differential equations for the τ -functions τ 0 and τ 1 = τ n+1,n+2 . We set
and
Denoting R = R n+1,n+2 , we have
It follows that
52)
. . , n. By using (3.52), we obtain
On the other hand, we obtain
by direct computations for each i = 1, . . . , n. From (3.53), (3.54) and (3.55), the following differential equations are obtained:
By substituting
into (3.56), we obtain the bilinear differential equations for the τ -functions τ 0 and τ 1 .
Theorem 3.6. The τ -functions τ 0 and τ 1 satisfy the following bilinear differential equations:
and D * i stands for the Hirota derivative with respect to the derivation δ i .
Garnier system
We consider rational functions in a j , b j , c j , d j (j = 1, . . . , n + 2) defined as 
with the Hamiltonians
Here we remark
and K i is given by (1.9).
In this section, we show that the Garnier system has affine Weyl group symmetry of type B (1) n+3 . We also show that the τ -functions for the Garnier system, formulated on the root lattice Q(C n+3 ), satisfy Toda equations, Hirota-Miwa equations and bilinear differential equations.
Affine Weyl group symmetries
The transformations σ k , r l and T µ given in Section 2 can be lifted to the birational canonical transformations of the variables q i , p i , x i (i = 1, . . . , n) which is already known in [7, 8] . In this section, we formulate the action of those transformations as realization of affine Weyl group.
Denote the parameter by
Then the group of symmetries for the Garnier system is generated by the transformations s k (k = 0, 1, . . . , n + 3) which act on ε j (j = 1, . . . , n + 3) as follows:
We describe the action of s k on the variables q i , p i , x i (i = 1, . . . , n).
for k = 1.
(4.14)
for k = 3.
for k = 4, . . . , n + 2.
for k = n + 3. The group generated by these s k is isomorphic to affine Weyl group W (B The simple affine roots of B
n+3 is given as
and the action of s k on α j (j = 0, 1, . . . , n + 3) is described as follows.
for k = 0.
for k = 3, . . . , n + 2.
Remark 4.3. The group generated by the transformations s 1 , . . . , s n+2 is isomorphic to the symmetric group S n+3 [1] . Furthermore, the group generated by s 1 , . . . , s n+3 is isomorphic to W (B n+3 ); e.g. [5] . The transformation s 0 is generated by a composition of s * 0 and s 1 , . . . , s 4 . But s * 0 cannot be generated by a composition of s 0 , s 1 , . . . , s 4 . It follows that the group of symmetries for the Garnier system in 1-variable contains affine Weyl group W (B (1) 4 ). Actually, it is known that P V I has affine Weyl group symmetry of type F 
τ -Functions
For each solution of the Garnier system, we introduce the τ -functionsτ µ (µ ∈ L) satisfying the Pfaffian systems
Eachτ µ is determined up to multiplicative constants. From (4.4), we can identify theseτ µ with the τ -functions for the Schlesinger system bȳ τ 0 = τ n+3,−(n+1) . (4.28)
Hence we can apply the properties of the τ -functions τ µ system to the Garnier system. For each µ ∈ L, the action of the birational canonical transformations s k onτ µ is defined by s k (τ µ ) =τ s k (µ) (k = 0, 1, . . . , n + 3), (4.29) where s 0 (µ) = (1 − µ 2 , 1 − µ 1 , µ 3 , . . . , µ n+3 ), s k (µ) = (µ (k,k+1)1 , . . . , µ (k,k+1)(n+3) ) (k = 1, . . . , n + 2), s n+3 (µ) = (µ 1 , . . . , µ n+2 , −µ n+3 ) (4.30) and (k, k + 1) stands for the adjacent transpositions. We also obtain bilinear relations which are satisfied byτ µ formulated on the root lattice Q(C n+3 ).
Theorem 4.5. The τ -functionsτ µ (µ ∈ L) satisfy the Toda equations, the Hirota-Miwa equations and the bilinear differential equations given in Section 3.
In the last, we present the following proposition. 
